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We study (non-perturbatively) the interactions of delta-coupled detectors with coherent states of
a scalar field. We show that the time-evolved density matrix spectra of i) a single detector, ii) two
detectors, and iii) the partial transpose of the latter, are all independent of which coherent state
the field was in. Furthermore, we find that the eigenvalues in iii) are non-negative, implying that
a delta-coupled detector pair cannot harvest entanglement from the vacuum, or any other coherent
field state.
I. INTRODUCTION
It is a well-known result of quantum field theory that
different regions of a quantum field vacuum contain cor-
relations (including entanglement), even if the regions are
spacelike separated [1, 2]. This finding has been impor-
tant not only to our understanding of long-standing open
problems, such as the black hole information loss prob-
lem [3], but also in the emergence of novel and interest-
ing phenomena, such as, for instance, Masahiro Hotta’s
quantum energy teleportation [4–6].
Another phenomenon that makes use of the entangle-
ment present in a quantum field has come to be known
as entanglement harvesting. The pioneering works by
Valentini [7], and later by Reznik et. al. [8, 9], showed
that entanglement from a scalar field vacuum can be op-
erationally extracted by a pair of initially unentangled
quantum two-level particle detectors.
Following these initial studies, there has been a signif-
icant amount of work done to understand how sensitive
entanglement harvesting is on the various components of
its setup. This has been largely motivated by the real-
ization that entanglement is of critical importance in the
field of quantum information processing (see e.g. [10]).
For instance, on the more fundamental side, it has been
shown that entanglement harvesting is sensitive to the
geometry [11] and topology [12] of the background space-
time.
From the perspective of working towards an experi-
mental implementation of an entanglement harvesting
protocol, it has been found that harvestable entangle-
ment is not a unique feature of the scalar field vacuum.
For instance, the ability of an Unruh-DeWitt (UDW)
particle detector pair to harvest entanglement from a
scalar field vacuum (by coupling to either the field’s am-
plitude or momentum) is qualitatively similar to the abil-
ity of fully-featured hydrogenlike atoms to harvest entan-
glement from the electromagnetic field vacuum [13]. In
fact, it has been suggested that space- and timelike en-
tanglement harvesting protocols are experimentally fea-
sible with current tools in atomic and superconducting
systems [14–16].
Here, we are interested in how sensitive the entangle-
ment harvesting ability of an UDW detector pair is to the
detectors being shone by coherent light (more precisely,
how sensitive it is to which coherent scalar field state
the detectors interact with). In [17] it was proven that
to second order in the detectors’ coupling strengths, the
evolved one- and two-detector density matrix eigenval-
ues, as well as the eigenvalues of the partially-transposed
two-detector density matrix, are independent of which
coherent field state the detector/detectors interacted
with. Therefore, perturbatively, a detector pair can har-
vest the same amount of entanglement from any coherent
field state.
In this paper we will show that these rather remark-
able results also hold in the non-perturbative regime, at
least for detectors that interact with the field through
a short and intense coupling (formally described by a
Dirac-delta switching function). Furthermore, we will
extend to the non-perturbative regime one of the pertur-
bative results in [18]. Namely, in [18], it was shown that a
delta coupled detector cannot harvest entanglement from
the field vacuum to leading order in perturbation theory.
Here we will show non-perturbatively that delta-coupled
detectors (with arbitrary spatial profiles, field coupling
strengths and energy gaps) cannot harvest entanglement
from the vacuum, or any other coherent state of the scalar
field at all.
After defining coherent states of a scalar field in
Sec. II A, and introducing the formalism of the Unruh-
DeWitt detector-field interaction model in Sec. II B, we
organize the main claims of this paper into three main
sections. First, in Sec. III, we prove that a single detec-
tor’s evolved density matrix spectrum is independent of
which coherent field state it interacted with. We then
show, in Sec. IV, that the evolved two-detector density
matrix spectrum, as well as the spectrum of the partially
transposed two-detector density matrix, are also inde-
pendent of the field’s coherent amplitude. In Sec. V, we
prove that the eigenvalues of the partially transposed ma-
trix are always non-negative, and therefore that a detec-
tor pair cannot harvest entanglement from any coherent
field state. We make our conclusions in Sec. VI, and ad-
ditional technical details are provided in the Appendices.
Natural units ~ = c = 1 are used throughout.
2II. SETUP
A. Coherent states of a scalar field
We consider a scalar quantum field φˆ(x, t) in (n+ 1)-
dimensional, flat spacetime. Written in terms of plane
wave modes, φˆ(x, t) takes the form
φˆ(x, t) =
∫
dnk√
2(2pi)n|k|
[
aˆ†
k
ei(|k|t−k·x) +H.c.
]
. (1)
Here, aˆ†
k
and aˆk are bosonic creation and annihilation
operators, respectively. The lowest energy state (i.e. the
vacuum state) of the free field is denoted |0〉, and it sat-
isfies the condition
aˆk|0〉 = 0, (2)
for all k ∈ IRn.
We now define a general coherent state of the field
|α(k)〉 to be a displaced vacuum state:
|α(k)〉 := Dˆα(k)|0〉 := exp
(∫
dnk
[
α(k)aˆ†
k
−α∗(k)aˆk
])
|0〉,
(3)
where the unitary operator Dˆα(k) is often referred to as
a displacement operator, since it implements translations
in phase space. The complex valued distribution α(k),
which we call the coherent amplitude, characterizes the
coherent state |α(k)〉. In quantum optics, coherent states
of the electromagnetic field are commonly used to de-
scribe coherent light [19], in which the photon number
is Poisson distributed. In this setting, we find a phys-
ical interpretation for the coherent amplitude: namely,
|α(k)|2 is a distribution of the average number of pho-
tons of wavenumber k in the state |α(k)〉. Although we
are considering a scalar field instead of the electromag-
netic field, we will, in a qualitative manner, refer back to
this physical interpretation of coherent states as describ-
ing coherent light.
Note that coherent states are the eigenstates of the aˆk
operators (acting from the left):
aˆk′ |α(k)〉 = α(k′)|α(k)〉. (4)
Let us show that our definition (3) of a coherent state
|α(k)〉 satisfies (4). Using the Baker-Campbell-Hausdorff
formula (see, among others, [20]) together with the
canonical commutation relations, we find that
[
aˆk′ , Dˆα(k)
]
= α(k′)Dˆα(k). (5)
Multiplying on the right by |0〉 and using the condition
aˆk′ |0〉 = 0 results in (4).
B. Detector(s)-field evolution
1. One detector
We first consider a single particle detector (labelled
A) interacting with the field. We denote the initial time
density matrix of the detector-field system by ρˆ1,i, where
the subscript 1 indicates that there is one detector. We
will describe the time evolution of the system using the
well-known Unruh-DeWitt model [21], which successfully
captures most of the relevant features of the light-matter
interaction when angular momentum exchange can be
ignored [13, 22, 23]. In this model, the particle detector
is a two-level quantum system with a free Hamiltonian
ground state |ga〉, excited state |ea〉, and energy gap Ωa.
We assume the detector to be at rest in an inertial ref-
erence frame, with its centre of mass located at xa and
its spatial profile given by the real-valued distribution
Fa(x). We denote by t the proper time of the detector.
The interaction Hamiltonian Hˆ
(1)
i,a (t) between the detec-
tor and the field is (in the interaction picture)
Hˆ
(1)
i,a (t) = λaχa(t)mˆa(t)
∫
dnxFa(x− xa)φˆ(x, t). (6)
Here, λa is a coupling constant with units of
[length](n−3)/2 in n+ 1 spacetime dimensions, and χa(t)
is a dimensionless, time-dependent switching function.
mˆa(t) is the monopole moment of the detector,
mˆa(t) = |ea〉〈ga|eiΩat + |ga〉〈ea|e−iΩat. (7)
The initial state ρˆ1,i of the detector-field system evolves
in time according to the unitary Uˆ1 generated by the
interaction Hamiltonian (6):
Uˆ1 = T exp
[
−i
∫ ∞
−∞
dt Hˆ
(1)
i,a (t)
]
, (8)
where T denotes the time-ordering operation. Hence the
final state ρˆ1 of the system is
ρˆ1 = Uˆ1ρˆ1,iUˆ
†
1 , (9)
and the time evolved state of the detector, ρˆa, is obtained
by tracing out the field degrees of freedom:
ρˆa = Trφˆ(ρˆ1). (10)
2. Two detectors
We now consider two Unruh-DeWitt particle detectors,
labelled ν ∈ {A,B}, interacting with the field. We de-
note the initial time density matrix of the two detectors
and the field by ρˆ2,i. Detector ν has ground state |gν〉,
excited state |eν〉, and energy gap Ων . We assume both
detectors to be at rest in a common inertial reference
3frame, with the centre of mass of detector ν located at
xν and its spatial profile given by the real-valued distri-
bution Fν(x). The coupling strength of detector ν is λν
and its time-dependent switching-function is χν(t). The
interaction Hamiltonian Hˆi,ab(t) between the detectors
and the field is, in the interaction picture,
Hˆi,ab(t) =
∑
ν∈{A,B}
Hˆ
(2)
i,ν (t), (11)
with Hˆ
(2)
i,ν (t) given by
Hˆ
(2)
i,ν (t) = λνχν(t)µˆν(t)
∫
dnxFν(x− xν)φˆ(x, t). (12)
Here, µˆν(t) are operators acting on states in the two-
detector Hilbert space, and are defined by
µˆa(t) = mˆa(t)⊗ 1b, µˆb(t) = 1a ⊗ mˆb(t), (13)
where mˆν is the monopole moment of detector ν,
mˆν(t) = |eν〉〈gν |eiΩνt + |gν〉〈eν |e−iΩνt. (14)
As in the one-detector case, we write down the unitary
Uˆ2 describing the evolution of the initial state ρˆ2,i of the
detectors-field system:
Uˆ2 = T exp
[
−i
∫ ∞
−∞
dt Hˆi,ab(t)
]
. (15)
Hence the final state ρˆ2 of the detectors-field system is
ρˆ2 = Uˆ2ρˆ2,iUˆ
†
2 , (16)
and the time evolved state of the two detectors, ρˆab, is
obtained by tracing out the field degrees of freedom:
ρˆab = Trφˆ(ρˆ2). (17)
III. SINGLE DETECTOR INTERACTING WITH
THE FIELD
Let us now specify the initial conditions of the single
detector and the field. We will assume that the field
starts out in a general coherent state |α(k)〉, as defined
in (3), and that the detector is initialized to its free
ground state. Thus the initial state ρˆ1,i of the system
is
ρˆ1,i = |ga〉〈ga| ⊗ |α(k)〉〈α(k)|. (18)
From this, we wish to obtain an explicit expression for the
time-evolved density matrix ρˆa (10) of a single detector
following its interaction with the field.
Problems of this type are often approached perturba-
tively, where calculations are only carried out to a certain
order in the detector-field coupling strength λa, which is
assumed to be small. For the case of detectors interact-
ing with a coherent field state, this approach was taken
in [17], to second order in λa.
In contrast, here we wish to obtain non-perturbative
results. However, if our detector-field interaction Hamil-
tonian is non-zero at different times, then the presence of
the time-ordering operation in the expression (8) for the
time-evolution unitary Uˆ1 imposes mathematical chal-
lenges that are difficult to overcome. There is one sim-
ple way to bypass the time-ordering problem: we allow
the detector to interact with the field at one instant in
time (but with a finite amount of energy), using a delta-
coupling [4]. Although this may a priori seem an un-
physical scenario, it is very physically relevant: it can be
thought of as the limit of considering switching functions
of finite area when the duration of the interaction is taken
to be very short as compared to all other relevant scales
in the problem.
More precisely, we first suppose that the detector inter-
acts with the field according to a switching function χσa(t)
that peaks at some time ta, decays to zero away from ta,
and is symmetric about ta. Suppose that χ
σ
a(t) has a
characteristic width σ, i.e. the detector-field interaction
is significant only for times t such that |t − ta| < σ/2.
Finally, suppose that
∫∞
−∞ χ
σ
a(t) dt = ηa, where ηa has
units of time. For example, χσa(t) could be a Gaussian,
Lorentzian, or top-hat function. Then, taking the limit
σ → 0 while increasing the magnitude of χσa(t) near ta
so that
∫∞
−∞
χσa(t) dt remains constant, we obtain the de-
tector switching function
χa(t) = ηaδ(t− ta). (19)
This is the switching function that we will assume our
detector obeys. We will soon see that this assumption
allows us to obtain an explicit and non-perturbative ex-
pression for the evolved detector’s density matrix ρˆa. It
is important to note that we have also assumed that the
regularization of this delta switching function is symmet-
ric, i.e. that this delta switching is the symmetric limit
of a symmetric switching function centered at ta. With-
out this additional assumption our setup would be am-
biguous, since different regularizations of a delta detector
switching can yield different physical predictions [18].
Assuming the detector switches on and off according
to (19), the expression for the unitary Uˆ1 (8) simplifies
to
Uˆ1 = exp(mˆa ⊗ Yˆa), (20)
where from now on we take mˆa to mean mˆa(ta), and
where Yˆa is defined as
Yˆa := −iλaηa
∫
dnxFa(x− xa)φˆ(x, ta). (21)
Note that, since Fa(x) is assumed to be real-valued and
since the field φˆ(x, ta) is a Hermitian operator, Yˆa is anti-
Hermitian (i.e. Yˆ †a = −Yˆa).
4We would like to obtain a matrix representation of the
time-evolved density matrix ρˆa. The obvious choice of
basis for the detector’s Hilbert space, in which we can
express ρˆa, is {|ga〉, |ea〉}. However, let us instead work
in the orthonormal basis
{|g˜a〉, |e˜a〉}, (22)
where |g˜a〉 and |e˜a〉 are defined to be
|g˜a〉 := |ga〉, (23)
|e˜a〉 := eiΩata |ea〉. (24)
Note that in the basis (22), the initial time density matrix
of the detector is |g˜a〉〈g˜a|, while the detector’s monopole
moment is mˆa = |e˜a〉〈g˜a|+ |g˜a〉〈e˜a|. Since, in this basis,
the representations of both of these matrices are indepen-
dent of the detector’s energy gap Ωa, this means that the
representation of the evolved detector’s density matrix
ρˆa will also be independent of Ωa in this basis. Hence
the eigenvalues of ρˆa, which are basis independent, are
independent of the detector’s energy gap.
Physically, we can think of this result as a consequence
of the detector’s delta coupling to the field: because the
coupling is short and intense, the detector’s free dynamics
(governed by the size of the detector’s energy gap) are
overshadowed by the interaction-induced dynamics [18].
In other words, the size of a detector’s finite energy gap
is irrelevant to the detector’s dynamics if the detector
interacts with the field in a pointlike manner in time.
To proceed, let us expand the exponential form of Uˆ1
in (20) as a Taylor series and use the fact that mˆ2a = 1a
is the identity operator on the detector’s Hilbert space.
We obtain
Uˆ1 =
∞∑
n=0
1
n!
(mˆa ⊗ Yˆa)n
= 1a ⊗
∞∑
n=0
1
(2n)!
Yˆ 2na + mˆa ⊗
∞∑
n=0
1
(2n+ 1)!
Yˆ 2n+1a
= 1a ⊗ cosh(Yˆa) + mˆa ⊗ sinh(Yˆa). (25)
Since mˆa is Hermitian and Yˆa is anti-Hermitian, we have
that
Uˆ †1 = 1a ⊗ cosh(Yˆa)− mˆa ⊗ sinh(Yˆa). (26)
Making use of these expressions for Uˆ1 and Uˆ
†
1 , and not-
ing that mˆa|g˜a〉 = |e˜a〉 and mˆa|e˜a〉 = |g˜a〉, the expres-
sion (10) for ρˆa becomes
ρˆa = Trφˆ
[|g˜a〉〈g˜a| ⊗ cosh(Yˆa)|α(k)〉〈α(k)| cosh(Yˆa)
− |g˜a〉〈e˜a| ⊗ cosh(Yˆa)|α(k)〉〈α(k)| sinh(Yˆa)
+ |e˜a〉〈g˜a| ⊗ sinh(Yˆa)|α(k)〉〈α(k)| cosh(Yˆa)
− |e˜a〉〈e˜a| ⊗ sinh(Yˆa)|α(k)〉〈α(k)| sinh(Yˆa)
]
.
(27)
In the basis (22) this becomes
ρˆa =
(
f
(++)
1 f
(−+)
1
f
(+−)
1 f
(−−)
1
)
, (28)
where we have defined f
(jk)
1 to be
f
(jk)
1 := 〈α(k)|Xˆ†(j)Xˆ(k)|α(k)〉
= 〈0|Dˆ†α(k)Xˆ†(j)Xˆ(k)Dˆα(k)|0〉. (29)
The field operator Xˆ(j) is defined as
Xˆ(j) :=
1
2
(
eYˆa + je−Yˆa
)
, (30)
so that by Xˆ(j) = Xˆ(±) we implicitly mean that j = ±1.
To obtain more useful expressions for the matrix el-
ements f
(jk)
1 , we need to commute the Xˆ(±) operators
past the displacement operator Dˆα(k). First, we consider
the following commutator,[
Yˆa,
∫
dnk
(
α(k)aˆ†
k
−α∗(k)aˆk
)]
. (31)
Using expression (21) for Yˆa and making use of the canon-
ical commutation relations, we find that this evaluates to
iCa1φˆ, where Ca is defined to be the real number
Ca := −λaηa
∫
dnk√
2|k|
(
F˜a(k)α(k)e
−i(|k|ta−k·xa) + c.c.
)
,
(32)
and where F˜a(k) is the Fourier transform of the detector’s
spatial profile Fa(x),
F˜a(k) :=
1√
(2pi)n
∫
dnxFa(x)e
ik·x. (33)
Using the Baker-Campbell-Hausdorff formula it is now
straightforward to show that
Xˆ(j)Dˆα(k) =
1
2
Dˆα(k)
(
eiCaeYˆa + je−iCae−Yˆa
)
. (34)
This expression, along with its Hermitian adjoint, allows
us to write f
(jk)
1 as
f
(jk)
1 =
1
4
〈0|
(
e−iCae−Yˆa+jeiCaeYˆa
)(
eiCaeYˆa+ke−iCae−Yˆa
)
|0〉
=
1
4
(
1 + jk + je2iCafa + ke
−2iCaf∗a
)
. (35)
Here by, for example, f
(jk)
1 = f
(+−)
1 , we implicitly mean
that j = +1 and k = −1. We have defined fa to be
fa := 〈0|e2Yˆa |0〉, (36)
5which is independent of the coherent amplitude of the
field α(k). Notice that if we define βν(k) to be
βν(k) :=
−2iλνην√
2(2pi)n|k|
∫
dnxFν(x− xν)ei(|k|tν−k·x)
=
−2iλνην√
2|k| F˜ν(k)
∗ei(|k|tν−k·xν), (37)
then fa can be rewritten as
fa = 〈0|βa(k)〉, (38)
where |βa(k)〉 is a coherent state, as defined in equa-
tion (3). Therefore fa is simply the inner product of a
coherent state |βa(k)〉 and the field vacuum |0〉. In ap-
pendix A we show that this evaluates to
fa = exp
(
−1
2
∫
dnk |βa(k)|2
)
, (39)
which is always real and strictly positive.
The evolved detector’s density matrix ρˆa, the compo-
nents of which are given in (35), can now be written as
ρˆa =
1
2
(
1 + fa cos (2Ca) −ifa sin (2Ca)
ifa sin (2Ca) 1− fa cos (2Ca)
)
. (40)
The density matrix ρˆa in (40) describes the state of
a detector following its interaction with a coherent state
of a scalar field, where we have assumed that the detec-
tor couples to the field according to a Dirac-delta type
switching. We can compare this non-perturbative result
to the one obtained in [17] through a perturbative anal-
ysis. In [17], the same setup was considered (a detec-
tor interacting with a coherent scalar field state), but
the detector was allowed to have an arbitrary switching
function. In that study, a perturbative expression for ρˆa
to second order in the detector-field coupling strength
λa was obtained. As a consistency check, we show in
appendix B 1 that these two calculations of ρˆa agree in
their common domain (delta switching, and to O(λ2a)).
Next, let us compute the eigenvaluesEa,i of the density
matrix ρˆa. We straightforwardly obtain the expressions
Ea,1 =
1
2
(1 + fa) , (41)
Ea,2 =
1
2
(1− fa) . (42)
Since the eigenvalues only depend on fa, which is inde-
pendent of the field’s coherent amplitude α(k), we arrive
at the following result:
Theorem 1: Consider an UDW particle detec-
tor with arbitrary spatial smearing Fa(x), arbitrary
field coupling strength λa, and delta switching func-
tion χa(t) = ηaδ(t− ta). Then, the eigenvalues of the
time evolved density matrix of the detector are the same
whether the detector interacts with an arbitrary coherent
state of a scalar field or with the vacuum.
Therefore, any property of the time evolved state of the
detector that depends solely on the spectrum of its density
matrix is independent of whether the detector interacts
with an arbitrary coherent state or with the scalar field
vacuum.
This theorem is the non-perturbative analogue to The-
orem 1 in [17], where it was shown that, to O(λ2a), a
detector that couples to a coherent field state through
an arbitrary switching evolves into a state whose density
matrix has a spectrum that is independent of α(k).
To conclude this section, we give a physical conse-
quence of our result. First, recall that the von Neumann
entropy S [ρˆa] of the state ρˆa can be defined in terms of
its eigenvalues as
S [ρˆa] :=
∑
i
Ea,i ln
(
Ea,i
)
, (43)
and it is a monotonic measure of how entangled the detec-
tor and the field are (in particular, it is the field-detector
entanglement entropy). Now suppose that we start with
a particle detector in its ground state and the field in
a coherent state, so that, initially, the detector and the
field are unentangled. Then, if we allow the detector to
interact with the coherent field state (e.g. we shine the
detector with coherent light), the detector and the field
will in general become entangled. What Theorem 1 tells
us is that the field will become equally entangled with
the detector regardless of which coherent state it is ini-
tially in. Furthermore, since the vacuum state is itself
a coherent state (with vanishing coherent amplitude), a
detector interacting with any coherent field state will be-
come just as entangled with the field as if it interacted
with the vacuum.
IV. TWO DETECTORS INTERACTING WITH
THE FIELD
As in the single detector case, we assume that the two
detectors are initially in their ground states, and that the
field is in an arbitrary coherent state. Hence the initial
state ρˆ2,i of the system is
ρˆ2,i = |ga〉〈ga| ⊗ |gb〉〈gb| ⊗ |α(k)〉〈α(k)|. (44)
From this, we wish to obtain an expression for the time-
evolved, two detector density matrix ρˆab (17). To obtain
a non-perturbative expression for ρˆab, we follow the same
procedure as in the single detector case. First, we sup-
pose that detector ν interact with the field according to a
(symmetric) switching function centered at time tν , and
then we take the limit so that the interaction is infinitesi-
mally short. In other words, we set the detector switching
function to be
χν(t) = ηνδ(t− tν), (45)
and we also make the assumption that this expression is
the symmetrically taken limit of a symmetric regulariza-
tion function (again, as in [18]). Here, ην are constants
6with dimensions of time, so that χν(t) are dimensionless
functions. With the above switching functions, the uni-
tary Uˆ2 (defined in (15)) governing the time evolution of
the detectors-field system takes the form
Uˆ2 = T exp
(
−i
[
Hˆ
(2)
i,a (ta) + Hˆ
(2)
i,b (tb)
])
. (46)
Without loss of generality, let us assume that detector A
interacts with the field no later than detector B. That is
we assume ta ≤ tb. Under this condition, the expression
for Uˆ2 simplifies to (see appendix C for details)
Uˆ2 = exp
(
−iHˆ(2)i,b (tb)
)
exp
(
−iHˆ(2)i,a (ta)
)
. (47)
We can alternatively write this expression as
Uˆ2 = exp
(
µˆb ⊗ Yˆb
)
exp
(
µˆa ⊗ Yˆa
)
. (48)
Here by µˆν we implicitly mean µˆν(tν)—as in eq. (13)—
which is an operator on the two-detector Hilbert space.
Meanwhile Yˆa, defined in (21), and Yˆb, defined analo-
gously as
Yˆb := −iλbηb
∫
dnxFb(x− xb)φˆ(x, tb), (49)
are operators on the field’s Hilbert space. Using the fact
that mˆ2ν = 1ν is the identity operator on the Hilbert
space of detector ν allows us to write Uˆ2 as
Uˆ2 =
(
1a ⊗ 1b ⊗ cosh(Yˆb) + 1a ⊗ mˆb ⊗ sinh(Yˆb)
)
×
(
1a ⊗ 1b ⊗ cosh(Yˆa) + mˆa ⊗ 1b ⊗ sinh(Yˆa)
)
= 1a ⊗ 1b ⊗ Xˆ(++) + mˆa ⊗ 1b ⊗ Xˆ(+−)
+ 1a ⊗ mˆb ⊗ Xˆ(−+) + mˆa ⊗ mˆb ⊗ Xˆ(−−), (50)
where the field operators Xˆ(jk) are defined to be
Xˆ(jk) :=
1
4
(
eYˆb + je−Yˆb
)(
eYˆa + ke−Yˆa
)
, (51)
and where by, for example, Xˆ(jk) = Xˆ(−+) we implicitly
mean that j = −1 and k = +1.
Following the same logic as in the one-detector case,
let us define the following convenient orthonormal basis
for the two detector Hilbert space,
{|g˜a〉 ⊗ |g˜b〉, |g˜a〉 ⊗ |e˜b〉, |e˜a〉 ⊗ |g˜b〉, |e˜a〉 ⊗ |e˜b〉}, (52)
where |g˜ν〉 and |e˜ν〉 are defined to be
|g˜ν〉 := |gν〉, (53)
|e˜ν〉 := eiΩνtν |eν〉. (54)
With these definitions we can write the initial state of
the detector-field system as
ρˆ2,i = |g˜a〉〈g˜a| ⊗ |g˜b〉〈g˜b| ⊗ |α(k)〉〈α(k)|. (55)
Hence, in the basis (52), the matrix elements of 1a ⊗ 1b,
mˆa ⊗ 1b, 1a ⊗ mˆb and mˆa ⊗ mˆb, as well as the matrix
elements of the initial two-detector density matrix, are
all independent of the detectors’ energy gaps Ωa and Ωb.
Therefore, the matrix elements of the time-evolved two
detector density matrix ρˆab are also independent of the
detectors’ energy gaps, as is any basis independent prop-
erty of ρˆab (such as its spectrum). We will work in the
basis (52) so that we can explicitly see this independence
(and so that we simplify the expressions for the matrix
elements of ρˆab). We find that ρˆab in (17) takes the form
ρˆab =


f
(++++)
2 f
(−+++)
2 f
(+−++)
2 f
(−−++)
2
f
(++−+)
2 f
(−+−+)
2 f
(+−−+)
2 f
(−−−+)
2
f
(+++−)
2 f
(−++−)
2 f
(+−+−)
2 f
(−−+−)
2
f
(++−−)
2 f
(−+−−)
2 f
(+−−−)
2 f
(−−−−)
2

 , (56)
where we have defined f
(jklm)
2 to be
f
(jklm)
2 := 〈α(k)|Xˆ†(jk)Xˆ(lm)|α(k)〉
= 〈0|Dˆ†α(k)Xˆ†(jk)Xˆ(lm)Dˆα(k)|0〉. (57)
To further simplify this expression, we first recall the
definition of Ca in (32), and define Cb analogously,
Cb := −λbηb
∫
dnk√
2|k|
(
F˜b(k)α(k)e
−i(|k|tb−k·xb) + c.c.
)
,
(58)
so that we have[
Yˆb,
∫
dnk
(
α(k)aˆ†
k
−α∗(k)aˆk
)]
= iCb1φˆ. (59)
After some calculations (see appendix D for details), we
obtain the following expression for the matrix compo-
nents f
(jklm)
2 of ρˆab:
f
(jklm)
2 =
1
16
[
1 + jl+ km+ jklm
+ lf∗b (kme
−2iθ + e2iθ)e−2iCb +mf∗a (1 + jl)e
−2iCa
+ jfb(e
−2iθ + kme2iθ)e2iCb + kfa(1 + jl)e
2iCa
+ jkfpe
2iθe2iCae2iCb +mlf∗pe
−2iθe−2iCae−2iCb
+ jmfme
−2iθe−2iCae2iCb + klf∗me
2iθe2iCae−2iCb
]
,
(60)
where by, for example, f
(jklm)
2 = f
(++−−)
2 we implicitly
mean that j = k = +1 and l = m = −1. Here, θ is
defined to be the real number
θ := iλaλbηaηb
∫
dnk
2|k|
×
(
F˜a(k)F˜
∗
b (k)e
−i|k|(ta−tb)eik·(xa−xb) − c.c.
)
,
(61)
7so that [Yˆa, Yˆb] = iθ1φˆ. Meanwhile, fa was defined
in (36), while fb, fp, and fm are defined to be
fb := 〈0|e2Yˆb |0〉, (62)
fp := 〈0|e2Yˆbe2Yˆa |0〉, (63)
fm := 〈0|e2Yˆbe−2Yˆa |0〉. (64)
Notice that, as we already saw to be the case for fa,
the above expressions are also inner products between
coherent states. Namely:
fb = 〈0|βb(k)〉, (65)
fp = 〈−βb(k)|βa(k)〉, (66)
fm = 〈−βb(k)| − βa(k)〉, (67)
where βν(k) is defined in (37). In appendix A we show
that the inner product between two arbitrary coherent
states, |βa(k)〉 and |βb(k)〉, is
〈βb(k)|βa(k)〉
=exp
[
−1
2
∫
dnk
(
|βa(k)|2 + |βb(k)|2 − 2βa(k)βb(k)∗
)]
.
(68)
This allows us to write fb, fp and fm in the more conve-
nient forms,
fb = exp
(
−1
2
∫
dnk |βb(k)|2
)
, (69)
fp = exp
[
−1
2
∫
dnk
(
|βa(k)|2 + |βb(k)|2 + 2βa(k)βb(k)∗
)]
,
(70)
fm = exp
[
−1
2
∫
dnk
(
|βa(k)|2 + |βb(k)|2 − 2βa(k)βb(k)∗
)]
.
(71)
Notice that fb (like fa) is real, while fp and fm are, in
general, complex.
Substituting (60) into (56), we obtain an explicit ma-
trix representation for the density matrix ρˆab, which de-
scribes the state of the two detectors following their inter-
actions with a coherent state of the scalar field. In [17], a
perturbative expression for ρˆab was obtained (to second
order in the detectors’ coupling strengths) for detectors
that couple to the field through an arbitrary switching
function. As a consistency check, in appendix B2 we
verify that these two expressions of ρˆab are consistent
with one another when we particularize our exact result
to the perturbative regime.
It is difficult to learn anything meaningful from the
current expression for ρˆab in (56). Notice however, that
the matrix elements f
(jklm)
2 (60) of ρˆab only depend on
the field’s coherent amplitude α(k) through Ca and Cb.
This motivates factoring ρˆab as
ρˆab = Wˆ
†QˆWˆ , (72)
where Wˆ and Qˆ are defined to be
Wˆ :=
1
2


e−iCae−iCb e−iCae−iCb e−iCae−iCb e−iCae−iCb
e−iCaeiCb −e−iCaeiCb e−iCaeiCb −e−iCaeiCb
eiCae−iCb eiCae−iCb −eiCae−iCb −eiCae−iCb
eiCaeiCb −eiCaeiCb −eiCaeiCb eiCaeiCb

,
(73)
Qˆ :=
1
4


1 e−2iθfb fa e
2iθfp
e2iθfb 1 e
2iθf∗m fa
fa e
−2iθfm 1 e
2iθfb
e−2iθf∗p fa e
−2iθfb 1

 . (74)
Notice that Wˆ is unitary, and that Qˆ is independent of
Ca and Cb. Hence ρˆab is unitarily equivalent to a matrix
Qˆ, which (in a certain basis) has components that are
independent of the field’s coherent amplitude α(k).
Now, let us consider the partial transpose with respect
to system A of the matrix ρˆab which we denote ρˆ
ta
ab. In
the basis (52) this takes the form
ρˆtaab =


f
(++++)
2 f
(−+++)
2 f
(+++−)
2 f
(−++−)
2
f
(++−+)
2 f
(−+−+)
2 f
(++−−)
2 f
(−+−−)
2
f
(+−++)
2 f
(−−++)
2 f
(+−+−)
2 f
(−−+−)
2
f
(+−−+)
2 f
(−−−+)
2 f
(+−−−)
2 f
(−−−−)
2

 , (75)
and can be factored as
ρˆtaab = Vˆ
†Qˆta Vˆ . (76)
Here, Qˆta is the partial transpose of Qˆ,
Qˆta =
1
4


1 e−2iθfb fa e
−2iθfm
e2iθfb 1 e
−2iθf∗p fa
fa e
2iθfp 1 e
2iθfb
e2iθf∗m fa e
−2iθfb 1

 , (77)
and Vˆ is defined to be
Vˆ :=
1
2


eiCae−iCb eiCae−iCb eiCae−iCb eiCae−iCb
eiCaeiCb −eiCaeiCb eiCaeiCb −eiCaeiCb
e−iCae−iCb e−iCae−iCb −e−iCae−iCb −e−iCae−iCb
e−iCaeiCb −e−iCaeiCb −e−iCaeiCb e−iCaeiCb

.
(78)
Notice that Vˆ is unitary, and that Qˆta is independent of
Ca and Cb. Hence ρˆab is unitarily equivalent to a matrix
Qˆta , which (in a certain basis) has components that are
independent of the field’s coherent amplitude α(k). Since
unitarily equivalent matrices have the same eigenvalues,
we come to the following conclusion:
Theorem 2: Consider two UDW particle detectors
(A and B) with arbitrary spatial smearings Fν(x), ar-
bitrary field coupling strengths λν , and delta switching
functions χν(t) = ηνδ(t− tν), where ν ∈ {A,B}. Then,
the eigenvalues of the time evolved density matrix of the
8two detectors are the same whether the detectors inter-
act with an arbitrary coherent state of a scalar field or
with the vacuum. Additionally, the eigenvalues of the
partially-transposed density matrix of the two detectors
are also the same whether the detectors interact with an
arbitrary coherent state or with the vacuum.
Therefore, any property of the time evolved state of the
detectors that depends solely on the spectrum of their den-
sity matrix, or of its partial transpose, is independent of
whether the detectors interact with an arbitrary coherent
state or with the scalar field vacuum.
This result is the non-perturbative analogue to that
obtained in [17], where it was shown that, for detectors
obeying arbitrary switching functions, the spectra of ρˆab
and ρˆtaab are independent of the field’s coherent amplitude,
to second order in the detector-field coupling strengths.
We end this section by discussing one physical conse-
quence of Theorem 2. First, we note that the negativity
N [ρˆab] of a state ρˆab is defined as [24]
N [ρˆab] :=
∑
i
max
(
0,−Eta
ab,i
)
, (79)
where the Eta
ab,i are the eigenvalues of the partially trans-
posed matrix ρˆtaab. It has been shown that the negativ-
ity of a two-qubit system is an entanglement monotone
that vanishes if and only if the two-qubit state is sepa-
rable [25, 26]. Hence the negativity is often used as a
measure of entanglement in harvesting scenarios.
In our setup, we considered two comoving particle de-
tectors that are initially in their ground states, and are
therefore initially separable. Then, we supposed that de-
tector ν interacts with a coherent field state (e.g. we
shine it with coherent light) at time tν . Following the
interactions the detectors evolve into some final state.
What Theorem 2 tells us is that the amount of entangle-
ment in the evolved two-detector state is independent of
the particular modes present in the coherent light beam
that the detectors interacted with. Furthermore, since
the vacuum state of the field is itself a coherent state
(with vanishing coherent amplitude), this implies that
the detectors will harvest the same amount of entangle-
ment from any coherent state as from the field vacuum.
V. ENTANGLEMENT HARVESTING
We saw in the previous section that a pair of
detectors—initially in their ground states and coupling
to the field through delta switching functions—can har-
vest the same amount of entanglement from any coherent
field state as they can from the vacuum. However, we
did not determine what this amount of entanglement is.
That is the focus of this section.
Through a perturbative analysis, it was shown in [18]
that to second order in the detector-field coupling
strengths, detectors that couple to the field according to
delta switching functions cannot harvest entanglement
from the field vacuum. Furthermore, combining this re-
sult with the results in [17], this is therefore also true if
the field is in any coherent state. We would like to see
whether these results also hold in the non-perturbative
regime.
First, let us express the matrices Qˆ (74) and Qˆta (77)
in a different form. Notice that Qˆ and Qˆta are written in
terms of five functions (fa, fb, fp, fm, and θ), and that in
equations (39), (69), (70), and (71), we have written the
first four of these functions in terms of βa(k) and βb(k),
which are defined in (37). We can also express θ, defined
in (61), in terms of βa(k) and βb(k). Namely,
θ =
i
4
∫
dnk
(
βa(k)
∗βb(k)− c.c
)
. (80)
We will also find it useful to define the following real
number, which we denote ω:
ω := −1
2
∫
dnk
(
βa(k)
∗βb(k) + c.c
)
. (81)
Hence we see that fp and fm can be expressed as
fp = fafbe
ω−2iθ, (82)
fm = fafbe
−ω+2iθ. (83)
Writing fp and fm in this form, and noting that fa and
fb are real, allows us to write the matrices Qˆ and Qˆ
ta as
Qˆ =
1
4


1 e−2iθfb fa fafbe
ω
e2iθfb 1 fafbe
−ω fa
fa fafbe
−ω 1 e2iθfb
fafbe
ω fa e
−2iθfb 1

 , (84)
Qˆta =
1
4


1 e−2iθfb fa fafbe
−ω
e2iθfb 1 fafbe
ω fa
fa fafbe
ω 1 e2iθfb
fafbe
−ω fa e
−2iθfb 1

 . (85)
Notice that Qˆ and Qˆta are equivalent up to a change in
the sign of ω.
Now recall from the previous section that we can quan-
tify the amount of entanglement in the two-detector state
ρˆab by its negativityN [ρˆab], defined in equation (79). To
determine the negativity, we first need to determine the
eigenvalues Eta
ab,i of the partially transposed density ma-
trix ρˆtaab. We showed in the previous section that these
are the same as the eigenvalues of Qˆta , which is defined
in (85) and is significantly easier to handle than ρˆtaab. We
can straightforwardly calculate the spectrum of Qˆta , ob-
9taining
Eta
ab,1 =
1
8
[
2− (eω + e−ω) fafb (86)
+
√
4
∣∣faeiθ − fbe−iθ∣∣2 + (eω − e−ω)2 f2af2b],
Eta
ab,2 =
1
8
[
2− (eω + e−ω) fafb (87)
−
√
4
∣∣faeiθ − fbe−iθ∣∣2 + (eω − e−ω)2 f2af2b],
Eta
ab,3 =
1
8
[
2 +
(
eω + e−ω
)
fafb (88)
+
√
4
∣∣faeiθ + fbe−iθ∣∣2 + (eω − e−ω)2 f2af2b],
Eta
ab,4 =
1
8
[
2 +
(
eω + e−ω
)
fafb (89)
−
√
4
∣∣faeiθ + fbe−iθ∣∣2 + (eω − e−ω)2 f2af2b].
Here we notice something remarkable: the eigenvalues
Eta
ab,i of ρˆ
ta
ab and Qˆ
ta are invariant with respect to the
transformation ω → −ω. However, we already saw that
this transformation changes Qˆta into Qˆ.
Hence, the Eta
ab,i are also the eigenvalues of Qˆ, and
therefore of ρˆab. Furthermore, since ρˆab is a density ma-
trix, it must have non-negative eigenvalues. Thus we
conclude that the eigenvalues of the partially transposed
density matrix ρˆtaab are non-negative as well. In any case,
and for completeness, in appendix E we provide an ex-
plicit proof that all of the eigenvalues Eta
ab,i of ρˆ
ta
ab are
non-negative.
We have therefore shown that the eigenvalues of the
partially transposed two-detector density matrix ρˆtaab
are always non-negative, and hence that the negativity
N [ρˆab] = 0. This results in the following conclusion:
Theorem 3: Consider two UDW particle detectors (A
and B) with arbitrary spatial smearings Fν(x), arbitrary
field coupling strengths λν , and delta switching functions
χν(t) = ηνδ(t− tν), where ν ∈ {A,B}. Then, if we al-
low the detectors to interact with a coherent state of the
scalar field (which in particular includes the case of the
vacuum state), following the interaction they will remain
in a separable state: i.e. the detector pair cannot harvest
entanglement from the field.
There are several possible ways to gain some physical
insight on this result based on previous literature.
First, in [9] (and further explored in [27]), it was shown
that the amount of entanglement that a detector pair can
harvest from the vacuum state of a scalar field (as mea-
sured by the negativity) is a direct competition between
non-local terms (that increase the negativity), and lo-
cal terms (that decrease it). This may agree with one’s
intuition: for a two-detector state to be entangled, the
non-local correlations between the detectors must over-
come the noises affecting each detector locally. It was
discussed in [27] that the more sudden a switching is,
the more the local noise can overwhelm the correlation
terms. If we extend this intuition to entanglement har-
vesting from arbitrary coherent field states, it may per-
haps not be surprising that in our scenario the detectors
cannot harvest entanglement from the field: their delta
couplings are very sudden and hence may introduce too
much noise.
However, this may not be the only possible way to
understand Theorem 3. In [18] it was shown (within per-
turbation theory) that gapless detectors cannot harvest
vacuum entanglement at leading order. In light of this,
another possible way to intuit why delta-coupled detec-
tors cannot harvest field entanglement is to argue that
during the interaction of each detector with the field, the
infinite intensity of the detector’s interaction Hamilto-
nian overwhelms its free Hamiltonian, and hence results
in a complete lack of free detector dynamics [18]. It is
possible that the ability of detectors to evolve freely is
crucial to them being able to harvest field entanglement.
Indeed this is the case when we vary a detector’s en-
ergy gap: a non-zero gap is necessary for non-trivial free
dynamics, as well as for vacuum entanglement harvest-
ing [18].
Elucidating whether the inability of delta-coupled de-
tectors to harvest entanglement is due to the noisy nature
of their coupling or to their lack of free dynamics, is yet
to be determined. In many cases these two pictures are
related, but one can think of scenarios where the two are
distinct. This could constitute an interesting question to
be explored in future work.
VI. CONCLUSIONS
We have considered the interactions of one and two
Unruh-DeWitt particle detectors with an arbitrary co-
herent state of a scalar field. The detectors, initialized
to their ground states, couple to the field by means of a
Dirac-delta (short and intense) switching function, while
no assumptions are made on their spatial profiles or in-
ternal energy gaps. We have obtained three main non-
perturbative results regarding the evolved state of the
detector/detectors:
First, we have shown that for a single detector inter-
acting with the field, the eigenvalues of the time evolved
density matrix ρˆa of the detector are the same regardless
of which coherent state the field was in prior to the inter-
action. This result therefore shows that any property of
the evolved detector that is determined by the spectrum
of its density matrix is independent of which coherent
field state the detector interacted with. For instance the
von Neumann entropy of the detector (which is also the
entanglement entropy of the detector-field system) is such
a property: the detector will get equally entangled with
the field regardless of the coherent state of the field that
it interacts with (such as the vacuum).
Second, we obtained an analogous result for two de-
tectors interacting with the field. Namely, we found that
the eigenvalues of the evolved two-detector density ma-
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trix ρˆab are independent of which coherent field state the
detectors interact with. Furthermore, the eigenvalues of
the partially transposed two-detector density matrix ρˆtaab
are also independent of the field’s coherent amplitude.
Hence, any property of the evolved two-detector state
that is determined solely by these eigenvalues is indepen-
dent of what coherent state the field was in prior to the
interaction.
This has strong consequences for entanglement har-
vesting from the field to the detectors: The negativity of
the two detector state (a measure of the entanglement be-
tween the detector pair) only depends on the eigenvalues
of the partially transposed density matrix ρˆtaab. There-
fore, the two detectors will harvest the same amount of
entanglement from any coherent field state as they would
from the vacuum.
The fact that the eigenvalues of ρˆa, ρˆab, and ρˆ
ta
ab are
all independent of the coherent amplitude of the field,
non-perturbatively for a delta switching and perturba-
tively for any switching [17], suggests that, at the very
least, the spectra of these matrices may in general be
extremely insensitive to the coherent amplitude of the
field. However whether it is the case that these spectra
are fully independent of the field’s coherent amplitude
in a non-perturbative regime for any arbitrary switching
remains to be proved.
Finally, we have shown that the eigenvalues of the
evolved two-detector density matrix, and the eigenval-
ues of its partial transpose, are equal. Interestingly, this
shows that the eigenvalues of the partially transposed
density matrix are non-negative, and therefore that the
negativity of the evolved two-detector state is zero.
This allowed us to make a remarkable claim: two detec-
tors that couple to a coherent state of the field through
delta-switching functions cannot harvest any entangle-
ment at all from the field. In particular this is true for
entanglement harvesting from the vacuum, which is a
particular coherent state.
As a final comment, we have offered two physical in-
terpretations of this last result. The first suggests that
delta-coupled detectors are unable to harvest entangle-
ment from the field because their intense switchings in-
troduce too much local noise that overcomes any non-
local correlations that may arise between the detector
pair [9, 27]. Alternatively, it may be the case that the de-
tectors cannot harvest entanglement because their delta-
couplings result in a complete lack of free dynamics,
and the ability of the detectors to evolve freely may be
very important to their ability to harvest field entangle-
ment [18]. We plan to explore these two hypotheses in
future work.
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Appendix A: Calculations of inner products between two coherent states
1. Inner product of an arbitrary coherent state with the vacuum state
Let us introduce some standard notation that will be useful throughout this appendix. Consider a string of
bosonic creation and annihilation operators Aˆ1Aˆ2 . . . Aˆm. We define the normal-ordered string :Aˆ1Aˆ2 . . . Aˆm: to be
the permuted version of the original string such that all of the creation operators appear before all of the annihilation
operators. Next we define the contraction of two operators Aˆ and Bˆ to be:
AˆBˆ = AˆBˆ− :AˆBˆ: . (A1)
It is straightforward to show that
aˆkaˆk′ = aˆ
†
k
aˆ†
k′
= aˆ†
k
aˆk′ = 0, aˆkaˆ
†
k′
= δ(k − k′). (A2)
Finally, for ease of notation we will denote aˆkj by aˆj . We can now proceed to the following lemma:
Lemma: Let αj be any scalars. Then,
〈0|
m∏
j=1
(
αj aˆ
†
j − α∗j aˆj
)
|0〉 =


(−1)m2 ∑
σ∈S
[
δ(kσ(1) − kσ(2))ασ(1)α∗σ(2)
]
. . .
[
δ(kσ(m−1) − kσ(m))ασ(m−1)α∗σ(m)
]
︸ ︷︷ ︸
m/2 factors
, m even
0, m odd,
(A3)
where S is the set of all permutations σ of {1, 2, . . . ,m} such that i) no two terms in the sum are equal, and ii)
σ(2j − 1) ≤ σ(2j) for all j.
11
Proof: The proof for odd m is obvious, since the vacuum expectation of an odd number of creation and annihilation
operators is always zero. Therefore we can assume thatm is even. Now let us define the two-element sets S1, S2, . . . , Sm
as Sj := {−α∗j aˆj , αj aˆ†j}. Then
m∏
j=1
(
αj aˆ
†
j − α∗j aˆj
)
=
∑
Aˆj∈Sj
Aˆ1Aˆ2 . . . Aˆm. (A4)
By Wick’s theorem (see, e.g. [28]), this can be expressed as
m∏
j=1
(
αj aˆ
†
j − α∗j aˆj
)
=
∑
Aˆj∈Sj
[
:Aˆ1Aˆ2Aˆ3Aˆ4 . . . Aˆm−1Aˆm:
+
(
:Aˆ1Aˆ2Aˆ3Aˆ4 . . . Aˆm−1Aˆm: + all other 1-pair contractions
)
+
(
:Aˆ1Aˆ2Aˆ3Aˆ4 . . . Aˆm−1Aˆm: + all other 2-pair contractions
)
+ . . .
+
(
:Aˆ1Aˆ2Aˆ3Aˆ4 . . . Aˆm−1Aˆm: + all other m/2-pair contractions
)]
. (A5)
Recall that aˆj |0〉 = 〈0|aˆ†j = 0. Therefore, since all of the terms on the right-hand side are normal-ordered, we find
that after taking the vacuum expectation the terms which contain uncontracted operators will vanish. Therefore we
obtain
〈0|
m∏
j=1
(
αj aˆ
†
j − α∗j aˆj
)
|0〉 =
∑
Aˆj∈Sj
〈0|
(
:Aˆ1Aˆ2Aˆ3Aˆ4 . . . Aˆm−1Aˆm: + all other m/2-pair contractions
)
|0〉. (A6)
First, notice that all terms on the right hand side of this expression are distinct. Also, because of (A2), a term is
non-zero if and only if it can be written as
〈0| :Aˆσ(1)Aˆσ(2)Aˆσ(3)Aˆσ(4) . . . Aˆσ(m−1)Aˆσ(m): |0〉, (A7)
where σ is a permutation of {1, 2, . . . ,m} such that i) Aˆσ(2j−1) = −α∗j aˆj and Aˆσ(2j) = αj aˆ†j for all j, and ii)
σ(2j − 1) ≤ σ(2j) for all j. Using (A2), expression (A7) evaluates to
(−1)m2
[
δ(kσ(1) − kσ(2))ασ(1)α∗σ(2)
]
. . .
[
δ(kσ(m−1) − kσ(m))ασ(m−1)α∗σ(m)
]
︸ ︷︷ ︸
m/2 factors
, (A8)
which completes the proof of the lemma.
We can now turn to evaluating the expression 〈0|βν(k)〉, where |βν(k)〉 is an arbitrary coherent state. By the
definition (3), this can be written as the “vacuum expectation” of a displacement operator, 〈0|βν(k)〉 = 〈0|Dˆβν(k)|0〉.
(Note that we are slightly abusing the term “vacuum expectation” since Dˆβν(k) is not a self-adjoint operator, and
hence there is no probabilistic interpretation of the expression 〈0|Dˆβν(k)|0〉.) Using the definition of Dˆβν(k) in (3),
this becomes
〈0|βν(k)〉 = 〈0| exp
(∫
dnk
[
βν(k)aˆ
†
k
−β∗ν(k)aˆk
])
|0〉. (A9)
Expanding the exponential in a Taylor series, we obtain
〈0|βν(k)〉 =
∞∑
m=0
1
m!
(∫
dnk1 . . .
∫
dnkm
)
〈0|
m∏
j=1
(
βν(kj)aˆ
†
j − β∗ν (kj)aˆj
)
|0〉, (A10)
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where it is understood that the m = 0 term is equal to 1. Using the lemma, this becomes
〈0|βν(k)〉 =
∑
m even
(−1)m2
m!
(∫
dnk1 . . .
∫
dnkm
)∑
σ∈S
[
δ(kσ(1) − kσ(2))βν(kσ(1))β∗ν(kσ(2))
]
. . .
×
[
δ(kσ(m−1) − kσ(m))βν(kσ(m−1))β∗ν(kσ(m))
]
, (A11)
where S is the set of all permutations σ of {1, 2, . . . ,m} such that i) no two terms in the sum are equal, and ii)
σ(2j − 1) ≤ σ(2j) for all j. After relabelling the integration variables and performing the delta integrations, this
becomes
〈0|βν(k)〉 =
∑
m even
(−1)m2
m!
∑
σ∈S
(∫
dnk
∣∣βν(k)∣∣2)m2 . (A12)
A simple inductive argument shows that, for a given m, there are (m − 1)!! elements in the set S, where the double
factorial is defined as
n!! :=
{
(n)(n− 2)(n− 4) . . . (4)(2), n even
(n)(n− 2)(n− 4) . . . (3)(1), n odd , (A13)
and (−1)!! and 0!! are both defined to be 1. Hence
〈0|βν(k)〉 =
∑
m even
(−1)m2 (m− 1)!!
m!
(∫
dnk
∣∣βν(k)∣∣2)m2
=
∞∑
s=0
(−1)s(2s− 1)!!
(2s)!
(∫
dnk
∣∣βν(k)∣∣2)s , (A14)
where in the second line we have defined s := m/2. Using the fact that
(2s− 1)!!
(2s)!
=
(2s− 1)(2s− 3) . . . (3)(1)
(2s)(2s− 1) . . . (2)(1) =
1
(2s)(2s− 2) . . . (4)(2) =
1
2ss!
, (A15)
we obtain
〈0|βν(k)〉 =
∞∑
s=0
1
s!
(
−1
2
∫
dnk
∣∣βν(k)∣∣2)s
= exp
(
−1
2
∫
dnk
∣∣βν(k)∣∣2) . (A16)
2. Inner product of two arbitrary coherent states
We will now evaluate the expression 〈βb(k)|βa(k)〉, where |βb(k)〉 and |βa(k)〉 are arbitrary coherent states. Using
our definition of a coherent state (3), we can express this as the “vacuum expectation” of a product of displacement
operators:
〈βb(k)|βa(k)〉 = 〈0|Dˆ†βb(k)Dˆβa(k)|0〉 = 〈0|Dˆ−βb(k)Dˆβa(k)|0〉, (A17)
where the last equality is easily seen from the definition (3) of a displacement operator. Making use of the commutator[∫
dnk
(
−βb(k)aˆ†k + β∗a(k)aˆk
)
,
∫
dnk′
(
βa(k
′)aˆ†
k′
− β∗a(k′)aˆk′
)]
=
∫
dnk
(
β∗b(k)βa(k)− βb(k)β∗a(k)
)
1φˆ, (A18)
and the Baker-Campbell-Hausdorff formula (see, e.g. [20]), we find that
〈βb(k)|βa(k)〉 = 〈0|Dˆβa(k)−βb(k)|0〉 exp
[
1
2
∫
dnk
(
β∗b(k)βa(k)− βb(k)β∗a(k)
)]
. (A19)
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Using expression (A16) we obtain
〈βb(k)|βa(k)〉 = exp
[
−1
2
∫
dnk
∣∣βa(k)− βb(k)∣∣2] exp [1
2
∫
dnk
(
β∗b(k)βa(k)− βb(k)β∗a(k)
)]
= exp
[
−1
2
∫
dnk
(
|βa(k)|2 + |βb(k)|2 − 2βa(k)β∗b(k)
)]
. (A20)
Appendix B: Comparisons of density matrices in the perturbative regime
1. One-detector density matrix
Expanding ρˆa in (40) to O(λ2a) gives the expression
ρˆa =
(
1 + 〈0|Yˆ 2a |0〉 − C2a −iCa
iCa −〈0|Yˆ 2a |0〉+ C2a
)
+O(λ3a). (B1)
Recall that we are working in the basis (22) of the Hilbert space of detector A. Written in this basis, equation (46)
for ρˆa in [17] takes the form
ρˆa =
(
1− Laa − L¯aa L¯∗aeiΩata
L¯ae
−iΩata Laa + L¯aa
)
+O(λ3a). (B2)
The terms in the above matrix are
Laa =
∫
dnkLa(k)La(k)
∗, (B3)
L¯aa = L¯aL¯∗a, (B4)
L¯a = −iλa
∫ ∞
−∞
dtχa(t)e
iΩatV (xa, t), (B5)
with La(k) and V (xa, t) given by
La(k) = λa
e−ik·xaF˜a(k)
∗√
2|k|
∫ ∞
−∞
dt χa(t)e
i(|k|+Ωa)t, (B6)
V (xa, t) =
∫
dnk√
2|k|
(
Fa(k)α(k)e
−i(|k|t−k·xa) + c.c.
)
, (B7)
and where F˜a(k) is the Fourier transform of the detector’s smearing function Fa(x),
F˜a(k) :=
1√
(2pi)n
∫
dnxFa(x)e
ik·x. (B8)
We would like to show that if we set the detector’s switching function χa(t) to a delta function, as in (19), then the
matrix (B2) reduces to the matrix (B1). Using the definition (32) of Ca, it is immediately obvious that (for delta
switching)
L¯a = iCaeiΩata . (B9)
From this we also obtain that
L¯aa = C2a. (B10)
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Hence to show that (B1) is equal to (B2) for delta detector switching, all that is left to show is that −Laa is equal to
〈0|Yˆ 2a |0〉. But this is true since (using the definition (21) for Yˆa)
〈0|Yˆ 2a |0〉 = −λ2aη2a
∫
dnx
∫
dnx′ Fa(x− xa)Fa(x′ − xa)〈0|φˆ(x, ta)φˆ(x′, ta)|0〉
= −λ2aη2a
∫
dnx
∫
dnx′ Fa(x− xa)Fa(x′ − xa)
∫
dnk
e−i(|k|ta−k·x)√
2(2pi)n|k|
∫
dnk′
ei(|k
′|ta−k
′·x′)√
2(2pi)n|k′| 〈0|aˆkaˆ
†
k′
|0〉
= −λ2aη2a
∫
dnx
∫
dnx′ Fa(x− xa)Fa(x′ − xa)
∫
dnk
eik·(x−x
′)
2(2pi)n|k|
= −λ
2
aη
2
a
2
∫
dnk
|k|
∣∣∣F˜a(k)∣∣∣2 , (B11)
and since (from the definition (B3) of Laa)
Laa = λ
2
aη
2
a
2
∫
dnk
|k|
∣∣∣F˜a(k)∣∣∣2 . (B12)
Hence our expression for the time-evolved one detector density matrix ρˆa is consistent with that obtained perturba-
tively in [17].
2. Two-detector density matrix
Expanding ρˆab in (56) to O(λiaλjb) with (i, j) ∈ {(0, 2), (1, 1), (2, 0)}, which we simply denote as O(λ2ν), we obtain
ρˆab =


1 + 〈0|Yˆ 2a |0〉+ 〈0|Yˆ 2b |0〉 − C2a − C2b −iCb −iCa 〈0|YˆbYˆa|0〉∗ − CaCb
iCb −〈0|Yˆ 2b |0〉+ C2b −〈0|YˆbYˆa|0〉∗ + CaCb 0
iCa −〈0|YˆbYˆa|0〉+ CaCb −〈0|Yˆ 2a |0〉+ C2a 0
〈0|YˆbYˆa|0〉 − CaCb 0 0 0

+O(λ3ν ).
(B13)
Recall that we are working in the basis (52) of the two-detector Hilbert space. Written in this basis, equation (55)
for ρˆab in [17] takes the form
ρˆab =


1− Laa − Lbb − L¯aa − L¯bb L¯∗beiΩbtb L¯∗aeiΩata
(M∗ + M¯∗) eiΩataeiΩbtb
L¯be
−iΩbtb Lbb + L¯bb
(L∗ab + L¯∗ab) eiΩatae−iΩbtb 0
L¯ae
−iΩata
(Lab + L¯ab) e−iΩataeiΩbtb Laa + L¯aa 0(M+ M¯) e−iΩatae−iΩbtb 0 0 0


+O(λ3ν). (B14)
The terms in the above matrix are
Lµν =
∫
dnkLµ(k)Lν(k)
∗, (B15)
M =
∫
dnkM(k), (B16)
L¯µν = L¯µL¯∗ν , (B17)
M¯ = L¯aL¯b, (B18)
L¯ν = −iλν
∫ ∞
−∞
dtχν(t)e
iΩνtV (xν , t), (B19)
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with Lν(k), M(k), and V (xν , t) given by
Lν(k) = λν
e−ik·xν F˜ν(k)
∗√
2|k|
∫ ∞
−∞
dtχν(t)e
i(|k|+Ων)t, (B20)
M(k) = −λaλb
2|k|
∫ ∞
−∞
dt
∫ t
−∞
dt′e−i|k|(t−t
′)
[
χa(t)χb(t
′)ei(Ωat+Ωbt
′)eik·(xa−xb)F˜a(k)F˜b(k)
∗
+ χb(t)χa(t
′)ei(Ωbt+Ωat
′)eik·(xb−xa)F˜b(k)F˜a(k)
∗
]
, (B21)
V (xν , t) =
∫
dnk√
2|k|
(
Fν(k)α(k)e
−i(|k|t−k·xν) + c.c.
)
, (B22)
and where F˜ν(k) is the Fourier transform of the smearing function Fν(x) of detector ν,
F˜ν(k) :=
1√
(2pi)n
∫
dnxFν(x)e
ik·x. (B23)
We would like to show that if we set the detectors’ switching functions χν(t) to a delta functions, as in (45), then the
matrix (B14) reduces to the matrix (B13). Using the definitions (32) of Ca and (58) of Cb, it is immediately obvious
that (for delta switching)
L¯ν = iCνeiΩνtν . (B24)
From this we also obtain that
L¯µν = CµCνeiΩµtµe−iΩνtν , (B25)
M¯ = −CaCbeiΩataeiΩbtb , (B26)
where we used the fact that the Cν are real. In the previous section of this appendix, we showed that
Laa = −〈0|Yˆ 2a |0〉. (B27)
Analogously one can readily show that
Lbb = −〈0|Yˆ 2b |0〉. (B28)
Hence in order to show that (B13) is equal to (B14) in the case of delta switching, all that is left is to show that
M = 〈0|YˆbYˆa|0〉eiΩataeiΩbtb and that Lab = −〈0|YˆbYˆa|0〉eiΩatae−iΩbtb . But this is true since (using definition (21) for
Yˆa and (49) for Yˆb)
〈0|YˆbYˆa|0〉 = −λaλbηaηb
∫
dnx
∫
dnx′ Fb(x− xb)Fa(x′ − xa)〈0|φˆ(x, tb)φˆ(x′, ta)|0〉
= −λaλbηaηb
∫
dnx
∫
dnx′ Fb(x− xb)Fa(x′ − xa)
∫
dnk
e−i(|k|tb−k·x)√
2(2pi)n|k|
∫
dnk′
ei(|k
′|ta−k
′·x′)√
2(2pi)n|k′| 〈0|aˆkaˆ
†
k′
|0〉
= −λaλbηaηb
∫
dnx
∫
dnx′ Fb(x− xb)Fa(x′ − xa)
∫
dnk
e−i(|k|tb−k·x)ei(|k|ta−k·x
′)
2(2pi)n|k|
= −λaλbηaηb
2
∫
dnk
|k| F˜a(k)
∗F˜b(k)e
i|k|(ta−tb)e−ik·(xa−xb), (B29)
and since (from definition (B16) of M and definition (B15) of Lab)
M = −λaλbηaηb
2
∫
dnk
|k| F˜a(k)
∗F˜b(k)e
i|k|(ta−tb)e−ik·(xa−xb)eiΩataeiΩbtb , (B30)
Lab = λaλbηaηb
2
∫
dnk
|k| F˜a(k)
∗F˜b(k)e
i|k|(ta−tb)e−ik·(xa−xb)eiΩatae−iΩbtb . (B31)
Hence our expression for the time-evolved two detector density matrix ρˆab is consistent with that obtained perturba-
tively in [17].
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As a final comment, note that special care must be taken if the detectors’ interaction times coincide (i.e. if ta = tb),
since then we must evaluate nested integrals in (B21), in which an integration limit coincides with where the delta
switching functions of the detectors are centered. Without further assumptions on the switching functions, these
integrals are ambiguously defined. However, we must recall that when we introduced the delta switching functions,
we also made the assumption that they are the symmetrically taken limit of a symmetric regularization function. This
ensures that the nested integrals are well defined even in the case of coinciding detectors, and it also ensures that
the perturbative expansion of our non-perturbative results agrees with the perturbative results of [17]. For a more
detailed discussion of the importance of regularizations of instantaneous switching functions, see appendix D in [18].
Appendix C: Explicit calculation of Uˆ2
In the case of delta detector switching functions (45), the unitary Uˆ2 given in (15) becomes
Uˆ2 = T exp
(
−i
[
Hˆ
(2)
i,a (ta) + Hˆ
(2)
i,b (tb)
])
. (C1)
Expanding the exponential as a power series, one obtains
Uˆ2 =
∞∑
n=0
1
n!
T
(
Hˆ
(2)
i,a (ta) + Hˆ
(2)
i,b (tb)
)n
. (C2)
Recalling that, wlog, we assumed ta ≤ tb, this becomes
Uˆ2 =
∞∑
n=0
1
n!
n∑
m=0
(
n
m
)(
Hˆ
(2)
i,b (tb)
)m (
Hˆ
(2)
i,a (ta)
)n−m
=
∞∑
n=0
n∑
m=0
1
m!(n−m)!
(
Hˆ
(2)
i,b (tb)
)m (
Hˆ
(2)
i,a (ta)
)n−m
. (C3)
We now define the following two sets:
S1 := {(x, y) ∈ IR2|0 ≤ y ≤ x}, (C4)
S2 := {(x, y) ∈ IR2|0 ≤ x, 0 ≤ y}. (C5)
Now we define the map f : S1 → S2 by
f(x, y) := (x− y, y). (C6)
It is straightforward to show that f is a bijection. Hence defining new summation indices k and l by (k, l) := f(n,m)
allows us to write Uˆ2 as
Uˆ2 =
∑
(n,m)∈S1
1
m!(n−m)!
(
Hˆ
(2)
i,b (tb)
)m (
Hˆ
(2)
i,a (ta)
)n−m
=
∑
(k,l)∈S2
1
l! k!
(
Hˆ
(2)
i,b (tb)
)l (
Hˆ
(2)
i,a (ta)
)k
=
∞∑
l=0
∞∑
k=0
1
l! k!
(
Hˆ
(2)
i,b (tb)
)l (
Hˆ
(2)
i,a (ta)
)k
= exp
(
−iHˆ(2)i,b (tb)
)
exp
(
−iHˆ(2)i,a (ta)
)
, (C7)
which proves the statement in (47).
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Appendix D: Explicit calculation of f
(jklm)
2
Using the Baker-Campbell-Hausdorff (BCH) formula (see, e.g. [20]), the definition (51) for Xˆ(lm), and the commu-
tators Ca in (32) and Cb in (58), we obtain
Xˆ(lm)Dˆα(k) =
1
4
Dˆα(k)
[ (
eYˆbeiCb
)(
eYˆaeiCa
)
+m
(
eYˆbeiCb
)(
e−Yˆae−iCa
)
+ l
(
e−Yˆbe−iCb
)(
eYˆaeiCa
)
+ml
(
e−Yˆbe−iCb
)(
e−Yˆae−iCa
) ]
. (D1)
Taking the Hermitean adjoint and relabeling the indices gives
Dˆ†α(k)Xˆ
†
(jk) =
1
4
[ (
e−Yˆae−iCa
)(
e−Yˆbe−iCb
)
+ k
(
eYˆaeiCa
)(
e−Yˆbe−iCb
)
+ j
(
e−Yˆae−iCa
)(
eYˆbeiCb
)
+ jk
(
eYˆaeiCa
)(
eYˆbeiCb
) ]
Dˆ†α(k). (D2)
Next, we define θ as in (61) so that [Yˆa, Yˆb] = iθ1φˆ. Then, using the BCH formula, we find that
epYˆaeqYˆb = e(pq)iθeqYˆbepYˆa , (D3)
for any scalars p and q. Finally, using (D1), (D2) and (D3), we find that f
(jklm)
2 , as defined in (57), evaluates to (60).
Appendix E: An explicit proof of the inequalities E
t
A
AB,ν ≥ 0
We first make note of three useful lemmas:
Lemma 1: Let c be a complex number. Then | sinh(c)| ≤ sinh(|c|).
Proof: The proof is straightforward if we use the Taylor series expansion for sinh:
∣∣sinh(c)∣∣ =
∣∣∣∣∣∣
∞∑
n=0
c2n+1
(2n+ 1)!
∣∣∣∣∣∣ ≤
∞∑
n=0
|c|2n+1
(2n+ 1)!
= sinh
(|c|) . (E1)
Note that the inequality is well-defined since both sums converge. This completes the proof.
Lemma 2: Let g(k) and h(k) be real-valued, non-negative, continuous functions of k. Then
∫
dnk g(k)2
∫
dnk′ h(k′)2 ≥
(∫
dnk g(k)h(k)
)2
. (E2)
Proof: The proof is given in appendix B of [17].
Lemma 3: Let x and y be real numbers. Then sinh(a2) sinh(b2) ≥ sinh2(ab).
Proof: Suppose a = 0 or b = 0. Then equality holds trivially. Otherwise, ab 6= 0. Then, consider Euler’s well known
infinite product expansion of sinh(a):
sinh(a)
a
=
∞∏
n=1
(
1 +
a2
pi2n2
)
. (E3)
Then we see that the desired inequality holds if and only if
sinh(a2)
a2
sinh(b2)
b2
≥ sinh
2(ab)
a2b2
(E4)
⇐⇒
∞∏
n=1
(
1 +
a4
pi2n2
)
∞∏
n=1
(
1 +
b4
pi2n2
)
≥

 ∞∏
n=1
(
1 +
a2b2
pi2n2
)2 . (E5)
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Since all of the infinite products converge, we can combine the two products on the left hand side of the inequality,
and the two on the right hand side. Hence the desired inequality holds if and only if
∞∏
n=1
(
1 +
a4 + b4
pi2n2
+
a4b4
pi4n4
)
≥
∞∏
n=1
(
1 +
2a2b2
pi2n2
+
a4b4
pi4n4
)
. (E6)
However this always holds since (a2 − b2)2 ≥ 0 implies that a4 + b4 ≥ 2a2b2. This completes the proof.
We now show that the Etaab,ν in equations (86), (87), (88), and (89) are non-negative. First let us recall that fa, fb,
θ and ω are real numbers, and that fa and fb are both positive. Therefore it is immediately obvious that E
ta
ab,3 ≥ 0.
To show that Eta
ab,1 is non-negative, note that
− 1
2
∫
dnk |βa(k)± βb(k)|2 ≤ 0. (E7)
Exponentiating both sides and expanding the integrand, we find that exp(±ω)fafb ≤ 1. Therefore(
eω + e−ω
)
fafb ≤ 2, (E8)
which implies that Eta
ab,1 ≥ 0.
It is a bit more involved to show that Eta
ab,2 and E
ta
ab,4 are non-negative. We see that E
ta
ab,2 ≥ 0 if and only if(
2− (eω + e−ω) fafb)2 ≥ 4 ∣∣∣faeiθ − fbe−iθ∣∣∣2 + (eω − e−ω)2 f2af2b , (E9)
which is true if and only if Γ− ≥ 0, where
Γ± := 1 + f
2
af
2
b − f2a − f2b ±
[(
eω + e−ω
)− (e2iθ + e−2iθ)] fafb
= 1 + f2af
2
b − f2a − f2b ± 2
[
cosh(ω)− cos(2θ)] fafb.
Similarly, we find that Eta
ab,4 ≥ 0 if and only if Γ+ ≥ 0. Since cosh(ω) ≥ 1 and cos(2θ) ≤ 1, we see that Γ− ≤ Γ+,
and hence Eta
ab,2 ≥ 0 implies Etaab,4 ≥ 0. Hence to prove our claim that all four of the Etaab,i are non-negative, it only
remains to show that Γ− ≥ 0.
Let us now define, for simplicity, β˜a(k) :=
√
2βa(k) and β˜b(k) :=
√
2βb(k), with the βν(k) defined in (37). From
the expressions for fa (39), fb (69), θ (80), and ω (81), we find that
fa = exp
(
− ∫ dnk |β˜a(k)|2) , (E10)
fb = exp
(
− ∫ dnk |β˜b(k)|2) , (E11)
2iθ = − ∫ dnk (β˜a(k)∗β˜b(k)−H.c.), (E12)
ω = − ∫ dnk (β˜a(k)∗β˜b(k) + H.c.). (E13)
From (E10), we see that Γ− can now be written as
Γ− = exp
(
− ∫ dnk (|β˜a(k)|2 + |β˜b(k)|2))
×
[
exp
(∫
dnk (|β˜a(k)|2 + |β˜b(k)|2)
)
+ exp
(∫
dnk (−|β˜a(k)|2 − |β˜b(k)|2)
)
− exp
(∫
dnk (−|β˜a(k)|2 + |β˜b(k)|2)
)
− exp
(∫
dnk (|β˜a(k)|2 + |β˜b(k)|2)
)
− exp
(∫
dnk (−β˜a(k)β˜b(k)∗ − β˜a(k)∗β˜b(k))
)
− exp
(∫
dnk (β˜a(k)β˜b(k)
∗ + β˜a(k)
∗β˜b(k))
)
+exp
(∫
dnk (−β˜a(k)β˜b(k)∗ + β˜a(k)∗β˜b(k))
)
+ exp
(∫
dnk (β˜a(k)β˜b(k)
∗ − β˜a(k)∗β˜b(k))
)]
. (E14)
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This can be factored as
Γ− = exp
(
− ∫ dnk (|β˜a(k)|2 + |β˜b(k)|2))
×
[(
exp
[ ∫
dnk |β˜a(k)|2
]− exp [− ∫ dnk |β˜a(k)|2])( exp [ ∫ dnk |β˜b(k)|2]− exp [− ∫ dnk |β˜b(k)|2])
−
(
exp
[ ∫
dnk β˜a(k)β˜b(k)
∗
]− exp [− ∫ dnk β˜a(k)β˜b(k)∗])
×
(
exp
[ ∫
dnk β˜a(k)
∗β˜b(k)
]− exp [− ∫ dnk β˜a(k)∗β˜b(k)])
]
(E15)
= 4 exp
(
− ∫ dnk (|β˜a(k)|2 + |β˜b(k)|2))
[
sinh
( ∫
dnk |β˜a(k)|2
)
sinh
( ∫
dnk |β˜b(k)|2
)
−
∣∣∣∣sinh( ∫ dnk β˜a(k)β˜b(k)∗)
∣∣∣∣2
]
.
(E16)
Making use of lemma 1, we find that
Γ− ≥ 4 exp
(
− ∫ dnk (|β˜a(k)|2 + |β˜b(k)|2))
[
sinh
( ∫
dnk |β˜a(k)|2
)
sinh
( ∫
dnk |β˜b(k)|2
)
− sinh2
( ∣∣∣∫ dnk β˜a(k)β˜b(k)∗∣∣∣ )
]
.
(E17)
Using the fact that
∫
dnk |g(k)|2 ≥ | ∫ dnk g(k)|2 for any function g(k), we obtain
Γ− ≥ 4 exp
(
− ∫ dnk (|β˜a(k)|2 + |β˜b(k)|2))
[
sinh
( ∫
dnk |β˜a(k)|2
)
sinh
( ∫
dnk |β˜b(k)|2
)
− sinh2
( ∫
dnk |β˜a(k)||β˜b(k)|
)]
.
(E18)
Applying lemma 2 to the last term, with g(k) = β˜a(k) and h(k) = β˜b(k), results in
Γ− ≥ 4 exp
(
− ∫ dnk (|β˜a(k)|2 + |β˜b(k)|2))
×
[
sinh
( ∫
dnk |β˜a(k)|2
)
sinh
( ∫
dnk |β˜b(k)|2
)
− sinh2
(√∫
dnk |β˜a(k)|2
√∫
dnk |β˜b(k)|2
)]
. (E19)
The first factor in this expression is clearly positive. From lemma 3, we see that the second factor is non-negative.
Hence Γ− ≥ 0, as desired.
[1] S. J. Summers and R. Werner,
Phys. Lett. A 110, 257 (1985).
[2] S. J. Summers and R. Werner,
J. Math. Phys. 28, 2440 (1987).
[3] J. Preskill, arXiv preprint hep-th/9209058 (1992).
[4] M. Hotta, Phys. Rev. D 78, 045006 (2008).
[5] M. Hotta, J. Phys. Soc. Jpn. 78, 034001 (2009).
[6] M. Frey, K. Funo, and M. Hotta,
Phys. Rev. E 90, 012127 (2014).
[7] A. Valentini, Phys. Lett. A 153, 321 (1991).
[8] B. Reznik, Foundations of Physics 33, 167 (2003).
[9] B. Reznik, A. Retzker, and J. Silman,
Phys. Rev. A 71, 042104 (2005).
[10] M. A. Nielsen and I. L. Chuang, Quantum computation
and quantum information (Cambridge university press,
2010).
[11] G. V. Steeg and N. C. Menicucci,
Phys. Rev. D 79, 044027 (2009).
[12] E. Mart´ın-Mart´ınez, A. R. H. Smith, and D. R. Terno,
Phys. Rev. D 93, 044001 (2016).
[13] A. Pozas-Kerstjens and E. Mart´ın-Mart´ınez,
Phys. Rev. D 94, 064074 (2016).
[14] S. J. Olson and T. C. Ralph,
Phys. Rev. Lett. 106, 110404 (2011).
[15] S. J. Olson and T. C. Ralph,
Phys. Rev. A 85, 012306 (2012).
[16] C. Sab´ın, B. Peropadre, M. del Rey, and E. Mart´ın-
Mart´ınez, Phys. Rev. Lett. 109, 033602 (2012).
[17] P. Simidzija and E. Martin-Martinez, Accepted in Phys.
Rev. D. arXiv preprint arXiv:1705.04341 (2017).
[18] A. Pozas-Kerstjens, J. Louko, and E. Mart´ın-Mart´ınez,
Phys. Rev. D 95, 105009 (2017).
[19] M. O. Scully and M. S. Zubairy, “Quantum optics,”
(1999).
[20] D. R. Truax, Phys. Rev. D 31, 1988 (1985).
[21] B. S. DeWitt, S. Hawking, and W. Israel, General rela-
20
tivity: an Einstein centenary survey , 680 (1979).
[22] E. Mart´ın-Mart´ınez, M. Montero, and M. del Rey,
Phys. Rev. D 87, 064038 (2013).
[23] A. M. Alhambra, A. Kempf, and E. Mart´ın-Mart´ınez,
Phys. Rev. A 89, 033835 (2014).
[24] G. Vidal and R. F. Werner,
Phys. Rev. A 65, 032314 (2002).
[25] A. Peres, Phys. Rev. Lett. 77, 1413 (1996).
[26] M. Horodecki, P. Horodecki, and R. Horodecki, Phys.
Lett. A 223, 1 (1996).
[27] A. Pozas-Kerstjens and E. Mart´ın-Mart´ınez,
Phys. Rev. D 92, 064042 (2015).
[28] M. E. Peskin, D. V. Schroeder, and E. Martinec, “An
introduction to quantum field theory,” (1996).
